We present a scheme for creating atomic spin squeezing in a cavity QED system using cavitymediated Raman transitions to engineer effective atom-photon interactions, which include both linear and nonlinear (dispersive) atom-cavity couplings, on a potentially equal footing. We focus on a regime where the dispersive coupling is very large and find that the steady state of the system can in fact be a strongly spin-squeezed Dicke state, |N/2, 0 , of the atomic ensemble. These states offer Heisenberg-limited metrological properties and feature genuine multipartite entanglement amongst the entire atomic ensemble.
I. INTRODUCTION
Atom interferometers are useful for making precision measurements of acceleration, time, rotation, and, potentially, even gravitational waves [1] . Interferometers employing uncorrelated states of N atoms have a variance limited by the standard quantum limit (SQL), which scales like 1/N , but suitably entangled atomic states could potentially reach the Heisenberg limit, where scaling like 1/N 2 becomes the lower bound for the variance [2, 3] . Spin squeezed states [4] [5] [6] [7] [8] [9] are a popular choice to try and make measurements that are below the SQL and potentially approach the Heisenberg limit. Successful spin squeezing experiments have been carried out using atomic collisions in Bose-Einstein condensates [10] [11] [12] [13] [14] [15] [16] [17] [18] , quantum non-demolition measurements [19] [20] [21] [22] [23] [24] [25] , and various other methods [26] [27] [28] [29] [30] . The best of these experiments have exceeded the SQL by 100-fold [25] , but, for the large numbers of atoms that were involved, this is still nowhere near the corresponding Heisenberg limit. If this limit could be approached, then the actual number of atoms required for significant gains in precision could in fact be relatively small.
A class of idealized states that can potentially reach the Heisenberg limit are the so-called Dicke states [31, 32] , which are simultaneous eigenstates of the collective angular momentum operatorsŜ 2 andŜ z , denoted by |S, m . Here we shall consider only symmetric Dicke states, for which the wave function is symmetric under particle exchange.
Dicke states do not lend themselves well to characterization by conventional spin squeezing measures, which generally rely on a well-defined polarization of the spin state. Instead, to characterize the squeezing we consider the Dicke squeezing parameter [33] ,
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This parameter gives us access to the metrological sensitivity relative to the SQL as β(ξ D /N ), where β is a factor of order one [33] , and a lower bound for the entanglement depth of ξ −1 D − 2 [34] . Considering this bound, we can see that the limit for entanglement, and thus metrological gain, is ξ D = 1/2.
For a Dicke state |N/2, m , the Dicke squeezing parameter is given by
This means that the Dicke states offer near Heisenberg limited metrological sensitivity for N {2, m}. In addition, for m < √ N /2 the entanglement depth must be the size of the entire atomic ensemble. There have been proposals for schemes to prepare Dicke states of an atomic ensemble (see, e.g., [35] [36] [37] [38] [39] [40] [41] [42] ), typically based upon conditional or probabilistic processes, and possibly also feedback of some sort. Alternatively, schemes using collisions in spin-1 Bose-Einstein condensates are possible and have been implemented [43] [44] [45] .
Here we propose a novel approach that can, in principle, prepare an arbitrary Dicke state as the steady state of a cavity QED system with a suitably engineered atomcavity interaction. In particular, this interaction is described by the so-called "generalized Dicke model", which may be engineered, in an optical cavity QED setting with alkali atoms, via laser-and cavity-driven Raman transitions between ground-state electronic sublevels of the atoms [46] [47] [48] [49] [50] [51] .
We describe the model and the specific parameter regime in which the desired steady-state behaviour -a near pure Dicke state -is obtained, as well as explaining the mechanism that allows that steady state to exist. We then explain how that same mechanism means that reaching that steady state through natural evolution is an extremely slow process, which leads us to consider modified schemes. The first of these produces the state heralded by the detection of a single photon in the output channel, while the second makes use of time variation of one of the parameters of the model. These methods allow for the preparation of the state on much faster timescales. We conclude with a discussion of a specific realization in an optical cavity QED system and show that significant squeezing and high fidelity states can be achieved with feasible experimental conditions.
II. SYSTEM AND MODEL
We consider a generalized Dicke model for N two-level atoms and a single mode of the electromagnetic field, as described by the master equation [46-48, 51, 52] 
with Hamiltonian
where D[â]ρ represents the superoperator
Hereâ (â † ) is the annihilation (creation) operator for the quantized cavity mode, andŜ i are collective atomic spin operators satisfying the usual angular momentum commutation relations. The linear atom-field coupling strength is denoted by λ, the nonlinear (or dispersive) coupling strength is given by U , ω and ω 0 are the cavity and atomic resonance frequencies, respectively, and κ is the cavity field decay rate.
This system possesses a rich phase diagram, which has been studied both semi-classically [52, 53] and quantum mechanically [48] . In [48] , it was noticed that as U becomes very large compared to the other parameters, the atomic state can become strongly squeezed in theŜ z spin component. The present work looks more closely at, and provides an explanation for, this large-U behavior.
Before continuing, we note that our Hamiltonian is similar in structure to that put forward in [54] , where a method based on time-varying parameters is proposed for preparing Dicke states of donor nuclear spins in silicon. The discrete stepping method we describe in Section VI can be viewed as parallel to the method in [54] .
III. STEADY STATE BEHAVIOUR

A. Expectation values
We consider the steady state behaviour of the master equation (3) as we vary U . Fig. 1 displays various properties of the system as U is varied for several different values of (linear) coupling strength λ. In particular, it plots the steady-state values of the mean intracavity photon number, â †â , the collective atomic inversion, Ŝ z , and the Dicke squeezing parameter, ξ D .
For small |U | we see that the properties of the system depend rather sensitively on U and λ. However, for large |U | we observe a simpler, monotonic dependence: the mean photon number reduces steadily, becoming very small, the atomic inversion converges quite rapidly to zero, while the Dicke squeezing parameter approaches the value 1/(N + 2). This indicates that the system settles predominantly into the Dicke state |N/2, 0 , corresponding to genuine multipartite entanglement of the entire ensemble.
In Fig. 2 we plot â †â , Ŝ z , and ξ D as a function of U/N for several different values of N and observe that the same general pattern holds. We do note, though, that for a given (large) value of U/N the Dicke squeezing parameter is closer to its ideal limit of 1/(N + 2) for smaller N , though it should be noted that the absolute squeezing is still larger for higher N .
B. Dicke state preparation
If we consider the energy level structure of the system in the limit of large |U | (see Fig. 3) , and consider the possible transitions between states as allowed by the atom-cavity coupling Hamiltonian and by cavity photon emission, then it is possible to understand why the steady atomic spin state |N/2, 0 emerges. Let us use the notation |N/2, m, n = |N/2, m ⊗ |n , where |n is the nphoton Fock state of the cavity mode. Now, consider the state |N/2, m, 0 with m < −1. The only processes by which a transition from this state may occur are described by the termsâ †Ŝ + and a †Ŝ − in the Hamiltonian. The corresponding transitions are |N/2, m, 0 → |N/2, m + 1, 1 and |N/2, m, 0 → |N/2, m − 1, 1 , respectively. For large U (i.e., U much larger than any of the other parameters), both of these transitions are off-resonant by ∼ U (m ± 1)/N . Whilst both transitions are strongly off-resonant, for −m, the former is less so by an amount ∼ 2U/N , and will therefore be favoured, causing a net evolution towards states of larger m (in combination with cavity photon emissions, which cause the transitions |N/2, m + 1, 1 → |N/2, m + 1, 0 ). Similarly, for m > 1, transitions via a †Ŝ − will be preferred, causing a net evolution towards states of smaller m. Hence, whatever its initial state, the system will evolve towards the centre of the spin angular momentum ladder.
On reaching the states |N/2, ±1, 0 , "inward" transi- tions to the state |N/2, 0, 1 become approximately resonant (for λ ∼ ω ∼ ω 0 ), and, following emission of the cavity photon, the state |N/2, 0, 0 is prepared. Importantly, provided U/N {ω 0 , ω, λ, κ}, transitions out of the state |N/2, 0, 0 to |N/2, ±1, 1 (followed by photon emission to |N/2, ±1, 0 ) will be much weaker, due to the much larger energy gap (∼ U/N ), than the inward transitions. Hence, the system essentially becomes "trapped" in the Dicke state |N/2, 0, 0 .
|N/2, m
If we rewrite the Hamiltonian as
then we see that for U = −ωN/m (with ω κ) the states |N/2, m, n are degenerate for all n. This means that the transitions |N/2, m ± 1, 0 → |N/2, m, 1 are now the resonant transitions. Following the same arguments as given above, one finds that this shifts the trapped state to |N/2, m, 0 . Hence, by tuning parameters, the steady state can be adjusted to an arbitrary Dicke state. 
IV. DYNAMIC BEHAVIOUR
A problem with using the above approach to produce Dicke states is the timescale involved with reaching the steady state. Taking U {ω, ω 0 , λ, κ}, then the time required for the transition |N/2, m, 0 → |N/2, m + 1, 0 is estimated by
The total time will thus scale as U 2 and so be extremely large in the parameter regime considered. For constant U/N , more atoms increases the time due to requiring more steps to reach m = 0.
Evolution from the fully polarized states |N/2, ±m requires the entire population to undergo every single step to |N/2, 0 . However, we could instead use an initial coherent spin state [55] ,
where η = e iϕ tan (θ/2) and {θ, ϕ} are spherical coordinates. With a suitable choice of η (e.g., η = 1), this improves the evolution time because much of the population in this state overlaps with or is close to the steady state, while very little of the state is in or near the fully polarized end states. Such an initial state also immediately shows Dicke squeezing upon evolution, whilst the fully polarized initial state first evolves to an antisqueezed state before slowly approaching the squeezed steady state.
Whilst the initial coherent spin state improves the short term generation of Dicke squeezing, the time for significant squeezing to appear is still very large even for very small ensembles. Remembering that increased N or U dramatically increases this time, even with an optimized initial state, the evolution to the steady state is likely to be prohibitively slow.
V. PROBABILISTIC PREPARATION
One potential method for preparing the steady state in a shorter time span involves using an initial CSS for the atomic ensemble and probabilistic photon detection. A photon detection collapses the state into a superposition weighted by how likely the states in the initial superposition were to have produced a photon. The resultant superposition is dominated by the resonant state, as its neighbours are by far the most likely states to produce photons. Single photon detection can thus produce extremely high fidelity Dicke states in very short time frames. The production of highly non-classical states via heralded single photon detection schemes have been proposed and implemented in other systems [56] [57] [58] [59] [60] [61] [62] [63] [64] .
The probability of creating the steady state |N/2, m, 0 with this method is the sum of the populations in the states |N/2, m ± 1, 0 . For example, if the desired state is |N/2, 0, 0 then a CSS with η = 1 maximizes the overlap and the probability of success is
For small atomic ensembles this proves to be a fairly efficient method. The results of trajectory simulations are shown in Table I . Here we see reasonably high success rates that decline with N , and match reasonably with those predicted in (9) (e.g., for N = 10(100) the prediction is 41.3% (15.6%)). The fidelity is extremely high, and, since the rate of these resonant transitions is independent of U , can be made arbitrarily higher without increasing the time taken or reducing the success probability. We also see very strong squeezing and high levels of multipartite entanglement. For N = 100, the squeezing has metrological sensitivity -19.39dB improved over the SQL. This means that this method can produce competitive levels of squeezing with a relatively high success probability in a very short time span for much smaller numbers of atoms than usual spin squeezing techniques. However, creating significantly better squeezing comes at a cost. To match the ∼ 3000 depth multipartite entanglement in Ref. [60] would require a Dicke state |1500, 0 with an associated success rate of 2.9%, though we note much stronger entanglement could be created. With 10 6 atoms the probability has become a fractional 0.16%. A potentially useful fact is that the speed at which the transition occurs scales as 1/N for central Dicke states. If the CSS could be recreated very quickly then it might be possible to do more iterations with higher N , and thus help to account for some of the inefficiency. Alternatively, a spin squeezed state aligned along the equator of the collective Bloch sphere will have enhanced population in the central Dicke states, including |N/2, ±1 , and so the use of a spin squeezed initial state could enhance the efficiency of this probabilistic scheme.
There is a special case for this method for which the efficiency would be unity. If parameters are set such that the resonant transition is between |N/2, ±N/2, 0 → |N/2, ±N/2 ∓ 1, 1 then preparing the initial state in |N/2, ±N/2 would always mean a jump within a short time frame. These so-called W states [65] (symmetric Dicke states with a single excitation) have numerous applications in quantum information [66] [67] [68] and here we have a method that can produce them with close to unit efficiency on a short time scale and in the steady state. The error in the fidelity can be approximated by the probability that two photons have been created which gives an error of
We can see that the error is kept approximately constant for constant U/N , and, since the transition time here is independent of U and N , this method scales very well to larger atomic ensembles.
VI. TIME DEPENDENT PARAMETERS
We have shown that, by correct choice of parameters, the steady state can be tuned to a desired Dicke state. We have also shown that if the system is one Dicke state either side of the steady state, then the evolution to that state is very fast. Thus, with complete control of the parameters, it should be possible to step the system from |N/2, −N/2, 0 → |N/2, −N/2 + 1, 0 → ... → |N/2, 0, 0 . This requires time dependence in ω.
Successful runs can be post-selected based on the number of photons emitted. If that number is equal to the total number of steps necessary then the trajectory is deemed successful, otherwise it is a failure. Experimentally, this would require an extremely efficient single photon detector. However, it is also possible to differentiate successes and failures by the pattern of the photon emissions. If the state is "dragged" all the way to the middle, then the photons should come at relatively frequent intervals throughout the length of the experiment. This means that if a photon is detected near the end of the trajectory then all the photons that came before can be inferred, as shown in Fig. 5 .
Linear variation of ω, such that the system is initially resonant for creation of the W state, and then ends at zero, such that the final resonant transition is to the central Dicke state, thus has some probability of producing that central Dicke state with very high fidelity. For ten atoms, an ensemble of quantum trajectories produces a 58.0% success rate, a best squeezing of ξ D = 0.086 and an average squeezing ofξ D = 0.100. More successful, if perhaps more experimentally challenging, is discretely stepping ω, i.e., implementing the time dependence
where t h is the time the system is held at each step and j is an integer stepping from 1 → ∆m. We know that the slowest transition is the first one, and so we set t h such that the first transition will almost certainly have occurred.
The population transfer and squeezing for this discrete stepping approach with N = 10 are shown in Fig. 6 . The best squeezing is ξ min D = 0.086, but with a greatly improved average squeezing ofξ D = 0.087. There are also much higher success rates, with 98.6% of 1000 trajectories being successful. This scales well with N as well, with a success rate of 98.5% (83.9%) for N = 20 (50) .
VII. CAVITY-QED REALISATION A. Microscopic parameters
We now consider the optical cavity-QED realization of the Dicke model described in [46, [48] [49] [50] [51] . The necessary Hamiltonian is produced via resonant Raman transitions in an ensemble of 87 Rb atoms interacting with a high finesse optical cavity mode. Here the effective parameters are given in terms of the microscopic parameters by [51] 
where {λ r , λ s } are the Raman coupling strengths for the rotating and counter-rotating terms respectively. Here, ω c is the cavity frequency, ω 1 is the frequency difference between the two active states, g is the single atomcavity coupling, and ω r,s is the frequency of the σ − -and σ + -polarized lasers respectively, with ∆ r,s and Ω r,s being the related detunings and single atom-laser coupling strengths respectively. By setting ∆ s = −∆ r we can maximize U and greatly reduce ω. If we choose g = 10(2π)MHz, Ω r,s = 200(2π)kHz, κ = 10(2π)kHz and |∆ r,s | = 3.5(2π)GHz and assume full tuneability of the small frequency offsets and magnetic field strength that define ω and ω 0 , then we could reach a regime of effective parameters { ω, ω 0 , U/N, λ/ √ N } /κ = { 0.01, 0.01, 3.0, 0.01 }. Whilst this regime does not offer the idealized squeezing above, it does still offer significant metrological gain over a coherent state.
B. Unresolved Dicke squeezing
We use these parameters with an initial coherent spin state centred on |N/2, 0 . Here, considering single quantum trajectories, we calculate the squeezing immediately after each photon detection. As in the ideal case, the probability of a photon arising from population in the central states is higher than from the outer states, but due to the lower value of U , the difference is much less sharp. This means that the measurement of a photon tightens the distribution around the central state rather than "resolving" a single Dicke state. Due to this, each photon detection shortly afterwards tightens the spread further. In between photon detections, the backaction of the null measurement drains population from the central states and the degree of squeezing worsens. As such, the optimal squeezing is likely to come when a number of photon detections are measured in a short amount of time. This means that a protocol where one waits for a certain number of photon detections in a certain time frame can achieve substantial Dicke squeezing. It should be noted that such a protocol could also work with high efficiency. For 1000 atoms and the parameters described above, 38.9% of trajectories run had 12 or more jumps.
VIII. CONCLUSION
We have shown the existence of strong spin squeezing and entanglement depth in the steady state of an open, generalized Dicke model. We have shown that this arises from the collective atomic state being "pumped" towards the highly entangled Dicke state |N/2, 0 , in a manner reminiscent of resolved sideband cooling of atoms trapped in harmonic potentials. By altering the Dicke model parameters, it is also possible to instead pump towards an arbitrary Dicke state |N/2, m . While the timescale involved in preparing these states through natural evolution is very large, we have also shown that it is possible to access the steady state on a much shorter timescale via either a single-photon-heralded, probabilistic scheme or by suitable time variation of a parameter of the model. The squeezing is at the Heisenberg limit for the ideal case, but we show that substantial squeezing is still possible with realistic cavity QED parameters.
This work highlights the stark change in dynamics that can occur with the addition of a non-linear term to the Dicke model. The interplay of the linear terms with a simple nonlinear shift of energy levels has been shown here to give rise to exotic steady states. This raises the question of what other possibilities might arise from similar nonlinear terms in, for example, models involving atoms of higher spin [50] . In particular, the spin-1 derivation in [50] introduces a term of the formn 0â †â , wherê n 0 is the number operator for the |m = 0 state of the spin-1 atoms. If this term is allowed to dominate, then we might expect the ensemble to be pumped to states with no atoms in the |m = 0 state; i.e., to a family of states containing completely classical states, such as |m = ±1 ⊗N , as well as highly entangled states such as the Dicke state |N, 0 with the atoms exactly split between the two states |m = ±1 .
